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It is proposed to measure the temperature of the atmosphere--..
as a function of altitude using a ground-based optical radar.
The technique consists of measuring the Doppler broadening
of the emission of a single-mode laser when the beam is
scattered from air molecules. Both optical mixing and
interferometric detection schemes are considered, and it'is,
concluded that, in view of the incoherent nature of the
scattered light, the interferometric method has a much
better signal-to-noise ratio. An expression is given which
allows one to determine the more advantageous detection
scheme for any given case. A rough calculation is given
which indicates that determinations of relative temperature
in a one kilometer layer at ten kilometers altitude, for
example, should be possible to within a few percent with a
one watt device and an integration time of about fifteen
minutes.
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Ohapter 1
INTRODUCTION
A number of optical radar systems, some already in
operation, have been proposed by various authors to aid in
studies of the terrestrial atmosphere. These systems usually
take advantage of the high power output and direptional ty
of a laser source together with the detection sensitivity
and high gain of a photomultiplier tube. The lalser beam is
sent vertically into the atmosphere where it is back scattered
by aerosols and molecules and then is observed with telescope.
and photosensitive detector (e.g.. Pocco and Smullin, 1963).
Information on the range and density of the scattering particles,
can be-obtained by displaying the intensity of the return asC
a function of time, as in a conventional radar system.
BUt the returning optical signal carries spectral
information as well as amplitude information, and the former
can be related to the velocity distrIbution of the scattering
particles through the theory of the Doppler effect. Doppler
radars operating in the radio frequency range have been
useful for measuring velocities of meterological targets
such asc precipitation (see Atlas, 1964). An extension of
this technique to the optical region would allow velocity
measurements on smaller particles. Some measurements using
optical Doppler systems, of the velocities of small particles
suspended in liquids (Yeh and Cummins, 1964) and smoke
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particles in gases (Foremon, George, and Lewis, 1965) have
already been reported. This paper is an analysis of a\
proposed laser Doppler radar system for measuring the
velocities of the air molecules themselves, thus measur ng
kinetic temperature.
It is proposed to measure the spectral broadening
which occurs when the emission from a high-powered, single-
mode laser is scattered from a gas. This paper is a discussion
of the nature of the scattered radiation and of the requirements
which must be satisfied by the laser source and detection
system. In addition, a criterion is derived whereby one can
determine whether optical mixing or interferometry should be
used in any given case, in order to obtain the best signal-to -
noise ratio.
In chapter 2, the progress of the transmitted light
will be followed from its generation in the laser cavity
through the Rayleigh scattering process to its arrival at the
detection aperture. The goal is to determine the intensity of
the scattered light and its spectral character. It is found
that, assuming the scatterers hava-a Maxwellian velocity i
distribution, the width of the spectrum is all that needs
to be measured to determine the temperature.
In Chapter 3, the problem of measuring the spectral width
is considered. TWo methods of detection are discussed as
indicated above, optical mixing, and interferometry. The
7
former has been used successfully in the Doppler velocimetrs;
mentioned above, as well as for analysis of the laser spectra.
The latter is the traditional method of analysing emission
lines and in'particular has been applied to measurements of
the broadening of light scattered from gases in the laboratory
(May, Rawson, and Welsh, 1965). It has also been applied to
measurements on airglow spectra (Armstrong, 1959). A careful
analysis of the signal-to-noise,ratio for these two techniques
shows that in the present case the- interferometric technique
should have a better signal-to-noise ratio. This results from
the - facts that' the scattered- radiation is- very weak, spatially
incoherent, and spectrally rather broad. The use of a photo-
electrically scanned Fabry-Perot interferometer should allow
reasonably accurate spectral measurements on light returned
from the troposphere and lower stratosphere in a, few minutes.
of integration time.
In chapter 4 it is concluded then that temperature
measurements using this technique are feasible. Such a system
might satisfy the need for a reasonably fast, accurate,
ground-based temperature sensing device for the lower atmosphere.
Moreover, in view of the rapidity of development in laser
technology, it is likely that this technique might in the
future be applicable to measurement of temperature in the upper
atmosphere as well.
Chapter 2
ON THE NATURE OF THE SCATTERED RADIATION
In order to evaluate' the feasibility of determining
temperatures by a scattering experiment, it is necessary to
examine two properties of the scattered radiation: its spectral
content, and its mean intensity. When a monochromatic light
beam scattered from a gas is frequency analysed, the spectral
power density of the electric field amplitude (to be defined
below) should have a shape which mirrors the molecular
velocity distribution. The details of the derivation of this
result are given in the following chapter. We shall also
derive an expression for the power transfer function for
scattering from the atmosphere. These results will be used
in the next chapter to help determine the best mode of
detection for the experiment and to evaluate the signal-to-
noise ratio.
2.1 Spectral Density of the Scattered Radiation
The problem of the spectral density of the radar return
from many independent scatterers in motion (without colli-
sions) hes been discussed by Lawson and Uhlenbeck (1950), and
Fleisher (1953). Recently Rogers (1963) has summarized the
results as they apply to velocity measurements of
meterological scatterers. An application of these results to
the optical case yields an expression for the amplitude spectral
^.^II~-X.IIXL -(.-L1..~--~.--~. -~1II--1II_ - I-_-_111~~
- --- -- -- c I-~_ CLTr
density . that we are seeking.
The transmitted light must be as monochromatic as pos#--
sible. Unless special care is taken, the laser source
will oscillate in a number of modes at discrete frequencies
within the fluorescence line. Because the separation of these
modes in frequency will usually be much smaller than the
spectral broadening to be observed, it would be difficult
to make the measurement. Under certain conditions however,
most lasers can be made to oscillate in a single mode.
Unfortunately, this usually causes the output power to:.be
w considerably less than that obtainable with multi-mode
operation.
Let us list a few of the recently developed single-mode
laser oscillators. M. Hercher (1965) has announced 5 IMwatt
output (pulsed in 60 x 10- 9 s) for a single-mode ruby system
at 6943 R. If this could be fired once a second, it would
correspond to a CW power of 300 mwatts. The spectral width of
the emission is reported to be less than 60 MHz. Smith (1966)
has reported 12 mwatt He-Ne laser output in a single mode at
6328 a. An argon laser developed at R.C.A. is reported to
transverse 1
have a single/mode output of nearly one watt at 4880 8.
Technical improvements in laser sources have been occuring
rapidly, and new devices are likely to improve this situation
in the near future.
Private communication.
It will be assumed in the following derivation that the
transmitted signal is monochromatic.
It should also be noted that either a pulsed or a continu-
ous transmission can be used for the optical radar. In the
pulsed system, range is obtained by measuring the time delay
of the returning pulse. In a continuous transmission system,
range can be obtained by letting the receiving telescope scan
the beam obliquely. The following considerations are applicable
in either case.
The algebra of the theory is s)mplified by representing
*the received field amplitude as t e realipart of a complex
function
(1) RP(t~ = Re 4.(
N
which in turn can be expressed as a summation over the/scatterers
Here Dk(t) is the optical path between source and receiver,
and fo is the frequency of the transmitted signal. It has
been assumed that the cross section for scattering is indepen-
dent of the particle velocity and is therefore the same for
each particle. The spectrum to be computed is the spectrum
of the complex amplitude.
The following definitions of the autocorrelation and-power
spectral density will be used. If y(t) is a complex, stationary,
random time function, its autocorrelation function is the
quantity
(3) - Y A)Wy(4,t-)
The bar denotes a time average. If y(t) can be thought of an
ensemble member of a random process (see Davennort and Root,
1958), then the same quantity may be obtained from an ensemble
average. By virtue of the stationarity of y(t), the auto-
correlation function has the property.
(4) R ) 
.
The autocorrelation function is related to the power spectral-<----
density (or spectral density) Sy(f) through the Wiener-
Khintchine relations
(5)
Ry(r $7 'if'
It should be noted that the spectral density is defined for
both positive and negative frequencies and that the normalization
is such that
(6) sI e umi y' l'a(t
SThe spectrum S y(f) is real as a consequence of equation (4),
but it is not necessarily even.
Using the definition (3), the autocorrelation of a(t) is
found to be
(7)
which becomes
(8)
The second summation is zero when averaged, since the phases
of the returns from different scatterers are independent.
In order to evaluate the first summation, consider figure
1. We wish to compute the change in the optical path length
in a time r for the light scattered from the kth particle.
If the distances between source and terget volume and between
receiver and target volume are large compared to the dimensions
of the target volume, then the wavefronts can be considered
planar. Only motion of the particle perpendiculair to the
line which bisects the scattering angle e will have any effect
on the path length. Suppose the component of the particle
velocity along this line is uk, positive in the direction shown.
The particle effectively moves from A to B in a time T , so
that the decrease in the path length is given by
ALk'r SCATTERED LIGHT
INCIDENT LIGHT
Figure 3. Change in optical path length due to particle motion.
and thus
(10) ?(j'& r e41- k (
The summation over the particles in equation (10) is
equivalent to an average over all N particles and can be
written
(ii) k-T Lk=r A. %x )N W.() x
where W(u) is the normalized velocity distribution for a
single component of velocity. The time average has been
converted into an ensemble average. It is easily shown
that
(12) = 0(t6att ,
bo that equation (10) becomes
W(u) is taken to be IMaxwellian
(14)
where k is Boltzmann's constant, T is the absolute temperature,
and m is the molecular mass.
The spectral density is now obtained by taking the
Fourier transform of equation (13)
(15) 0l
and finally
(16) X) [
The spectral density of the complex amplitiide is thus seen
to be an image of the velocity distribution. Note that it
is not an even function of frequency. The full width at half
(1/2) maximum for this gaussian curve is given by
(17) 4. ±
Equation (17) may now be solved for the temperature
with the result
(18) T =
132. b2IW sW' 0
Thus it is seen that the temperature may be determined
by a measurement of the width of the spectral density.
We have not considered the effect of collisions on the
above spectral density. The problem is a complicated one
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and has been discussed by B8hn(1960). A classical discussion
will be found in Zanstra (1941). The conclusion reached by
Zanstra is that there is no "pressure broadening" at the
frequency of the incident light in the case of scattering as
for emission or absorption lines. Nevertheless, the question
would seem to warrant further study.
2.2 The Transfer Function
Of the total power transmitted, only a small fraction
will find its way back to the receiving aperture. The
ratio of the received to the transmitted power (or the transfer
function) can easily be calculated for a clear atmosphere
and will be a function of the cross section for Rayleigh
scattering, the number density of the scatterers, and certain
geometrical parameters.
We shall compute the transfer function for Incident
unpolarized radiation. The result for backscattering of
polarized radiation is not expected to differ by more than
a factor of two.
If Pt is the transmitted light power, and ka(z) is the
fraction of power transmitted by & vertical column of the
atmosphere of length z, then the light power at altitude z
should be
(19) Ptt tk~k)
I i
Now let the total cross section per air molecule be - and
let .the number of scattering centers per unit volume be n(z).
The power scattered in the direction 8 into a solid angle fl,
from a length L of the incident beam is'-given by
(20) Pr (I ; n,) . P kX) -- L[(U
where p(Q) is a function representing the gain over isotropic
radiation and e is as shown in figure 1.
For a backscattering experiment with receiver and source
at the same location, the transfer function is then the
quantity
(21) P
14-I-
The cross section and gain function for air molecules are
tabulated by Penndorf (1957). At a wavelength of 7000 i,
near the wavelength of the ruby emission, the cross section is
(22) to= 1,18 l . -
and for backscattering
(23) ( = 4- 1. a 39
Let us calculate the transfer function for an atmosphere
in which there is no attenuation (ka = 1), the pulse volume
is 1 km long, and the receiver has an aperture with a diameter
of 10 cm. Densities are obtained as a function of altitude
Sif
p'
from the U.S. Standard Atmosphere (1962). The transfer function
is plotted in figure 2. These numerical results will be of
use to us in the next chapter in which we will consider the
detection system.
ALTITUDE (Km
Figure 2.
\~
Transfer function for Rayleigh scattering from a clear
atmosphere.
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Chapter 3
DETECTION OF THE SCATTERED RADIATION
In chapter 2 we found that a measurement of the spectral
density of the scattered radiation should allow a determination
of the temperature. In the present chapter we discuss the
methods by which this measurement might be carried out. We
begin with a general discussion of two very different methods
of effecting the spectral analysis: optical mixing and
interferometry. The principal result of the discussion is
the establishment of a useful criterion for selecting the
most advantageous method of spectral analysis for a given cese.
It is found that for the spectral character and the intensity
level of the signal scattered from the atmosphere/, the interfero-
metric technique has the better signal-to-noise ratio. A
second section of this chapter is devoted to a determination
of the altitude limits and probable relative accuracy of a
measurement made with a Fabry-Perot interferometer.
3.1 Comparison of Interferometric and Mixing Technique
The traditional method of measuring spectral line profiles
involves the use of a high resolution interferometer, such
as the Fabry-Perot device. The interferometer produces in its
focal plane a spatial separation of the various wavelength.
Various photographic and photoelectric methods of analysis
can then be applied to the resulting spectrum. A review of
i 
I~~_l~_rj (~ _II_ ^Y;I-l lllllll;-~(~._ _ LI --L~ -~
some of the newer developments in interference spectroscopy
/ /
is given by Jacquinot (1960). Typical lim~Lting resolution
for a Fabry-Perot device is about .003 R ( or 180 MHz at A
= 7000 ).
The last few years has seen the development of a new, very
different method of analysing optical spectra, the method of
optical mixing. This method is closely allied with methods
of spectral analysis in the radio frequency region-of the
spectrum. Since a photomultiplier acts as a square-law
device (that is, its output power is proportional to the square
of the input power for frequencies much less than the inverse
transit time of the device), beat frequencies will appear in
the spectral density of the photocurrent. The spectral
density of the photocurrent thus contains information about
the optical spectrum. It can be shown (section 3.121 below)
that the spectral density of the former is simply a convolution
of the spectrum of the latter. Analysis of the photocurrent
spectrum can be carried out electronically as in a radio
receiver. The technique is particularly well suited for the
measurement of narrow spectral profiles for which interfero-
metric devices cannot be used. A discussion can be found in --
Mandel (1963).
Detection by optical mixing has been used in at least----
two recently developed laser velocimeters as mentioned in
chapter 1, and it was originally felt that this might be the
22
best detection method for an atmosphericImeasurement. To help
determine the feasibility of this'technique, some preliminary
measurements were carried out in our laboratory and a study of
the theoretical signal-to-noise ratio was undertaken. The
measurements which demonstrated the usefulness of heterodyne
optical mixing for measuring the peripheral velocity of a
rotating wheel are discussed briefly in'section 3.11. The
theoretical analysis in which mixing and interferometric signal-
to-noise ratios are compared is presented in section 3.12
3.11 Preliminary Measurements
of the use
In order to ascertain the feasibility/of an optical mixing
technique for making velocity (and hence temperature) measure-
ments, some prelimianry experiments were carried out. A
Doppler radar was constructed using a continuous laser and
was successful in measuring the peripheral velocity of a
rotating wheel.
3.111 The System
In this experiment, light from a continuous He-Ne lase Lr--
is reflected from a series of steps at the edge of a rotating
wheel and is made to beat with a reference beam in a device
similar to a Michelson interferometer (see figure 3). The
laser light at 6328 k after passing through a series of collimating
lenses falls upon a beam-splitting 50 percent transmission
23
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MICHELSON INTERFEROMETER
DOPPLER
WHEEL
I I
I M
APERTURE TO LIMIT
SOLID ANGLE OF
RETURNING RADIATION
REFERENCE ARM
50% MIRROR
, , He-Ne
LASER
COLLIMATING
LENSES
JLTIPLIER
REFERENCE
INPUT
Figure 3. Heterodyne detection system for measuring the velocity of a rotating wheel.
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mirror. In the signal arm of the fiterferometer the beam
is reflected from a moving surface, in thi case a 25 cm
diameter wheel with 180 teeth which is rotated by a synchronous
motor. An aperture is placed in the signal arm to limit the
solid-angular spread in the returning radiation. The beam
that entered the reference arm is reflected by a plane mirror
and then passes through a neutral density filter lvhich allows
control of reference intensity level. The optical path in
the two arms was of approximately the same length, being
about two meters. The signal from the wheel and the reference
are then mixed together, detected by a photomultiplier, and
analysed by a radio receiver which has a bandwidth of about
13 IKHz. In order to improve the signal-to-noise ratio, a
beam chopper is placed in the wheel arm of the interferometer
and the output from the radio receiver is passed through a
lock-in amplifier tuned to the chopper frequency. As the
radio receiver is frequency tuned with a synchronous motor,
the power spectral output of the lock-in amplifier is displayed
on a chart recorder.
3.112 The Results -
It is easy to calculate the frequency shift which occurs---
when the beam is reflected from the moving wheel. For a
typical case the wheel rotates at 1800 rpm resulting in a
peripheral speed of 23.9 ms- I. Taking into account the
25.
i,
I-
ONO
z
0
I ! I ! I I! I I I I I ! 1j
40 ' 50
FREQUENCY ( MEGACYCLES )
Figure 4. Filtered power spectral density of the photocurrent from a photomultiplier
illumined by light scattered from a rotating wheel and a refernce beam.
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geometry of the encounter, the frequency shift is calculated
to be about 45 MHz. Figure 4 is a recording of the spectral
density after detection showing the beat frequency at 46,6
M1z. The line has a width on the order of one 1MHz, which can
be explained by the fact that reflection occurs over the surface
of a step which moves slower at its inside edge than at its
outside.
A similar result was obtained at other frequencies
corresponding to different rotational speeds.
It was found that output at the difference frequency
became very difficult to observe unless:
a.) The wavefronts of the signal and reference were very
nearly parallel when incident upon the photomultiplier
cathode. Alignment was critical.
b.) The path length in the two arms was nearly the same.
Since the laser operated with many modes present, the effective
coherence length is very much less than that expected for a
single mode. Jacobs and Rabinowitz (1963) have observed a
similar effect with the He-Ne laser.
3.12 Theoretical Analysis
The fundamental limiting noise in either the optical
mixingor the interferometric technique using a photoelectric
de ctor is the so-called shot noise generated in the phototube.
ot noise is the statistical fluctuation of the signal caused
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by the random nature of the photoemission process. It
introduces an inescapable uncertainty (or variance) in
spectral measurements as in photoelectron counting experiments.
Since the fundamental noise in both cases in the same, a
calculation of the photocurrent spectal density is useful
for analysing both cases; In the first part of this analysis,.
section 3.121, we shall arrive at an expression for the
photocurrent spectral density in terms of the spectral density
of the optical field complex amplitude which has been
computed for the case of interest in chapter 2. Subsequently,
in parts 3.122 and 3.123 we shall use this spectral density to
compute the signal-to-noise ratios for an interferometric
and then for a mixing experiment. These quantities will
then be compared in section 3.124 and it will be determined
which has the better signal-to-noise ratio for the atmospheric
temperature determination problem.
Other sources of noise may be present in addition to
shot noise of course. It is assumed in the following that
the effects of sky brckground, dark current, and thermal noise
6enerated in the electronics can all be neglected. In most
cases the sky background can be made negligible by optical
filtering, the dark current reduced by cooling the
photodetector,::And the thermal noise made negligible by using
a phototube with a large gain. Chopping the incident signaI
should also help disciminate against noise generated in the
- "c~
electronics. The complications introduced by these other
sources of noise will not be considered here, and final
conclusions should be hold tentative until the above have
been shown to be in fact negligible.
3.121 Photocurrent Spectral Density
We wish to obtain a general expression for the photocurrent
spectral density when the cathode is illumined by incoherent
light in which the field amplitude fluctuations are gaussian
in the statistical sense. The photocurrent spectral density
is discussed by Mandel (1963) in terms of the theory of partial
coherence and the statistics of the gaussian random process.
For a discussion of the former, see Born and Wol' (1959)
among other references. A useful discussion of the gaussian
random process as well as numerous other features of the
analysis of random time functions can be found in Davenport
and Root (1958). The reader will be referred to these basic
.eferences at several points in the following derivation, and
an effort has been made to indicate the corresponding notation.
Other derivations which may be found helpful are found in
Alkemade (1959), Forrester (1961, but see Smith and Williahis,
1962), Smith (1964), and Freed and Haus (1966). It should be
mentioned that, although for tie present analysis it is more
convenient to talk in terms of a continuous photocurrent, all
of the following results have an analogue in terms of photoelec-
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tron counting. A good reference on the photoelectron counting
point of view is again IMandel (1963).
The following derivation is an amalgamation of results
found at various points in the above literature but not stated
as a single result at any point.
Let us ignore the fact that charge is quantized for the
moment, so that there is no shot-noise term in the spectral
density. If the cathode is coherently illumined and transit-
time effects can be neglected, then the photocurrent i(t) is
directly proportional to the light power averaged over a: few
cycles of optical frequency (this is the usual definition of
intensity) P(t). Let the quantum efficiency of the photosurface
(.mean number of electrons emitted per photon) be . Then
(24) Pe.Pt)
where
(25) =
The intensity will be defined in accordance with. the:_usal \
custom of partial cbAerence theory to be the quantity
(26) P 0 0*_ W
If on the other hand the cathode is not coherently illumined,
then we must integrate over the cathode area A to find i(t).
Thus,
30
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The autocorrelation of the photocurrent is then the integral
(28)
A
where we have used the short-hand notation
(29) p ( = x
The integrand is just the intensity cross-correlation
(30) 1 ,( P+ ir)
Let us assume that the incident radiation is plane polarized.
If the light amplitude can be considered to be a gaussian
random process (an argument to this effect might be made
using the central limit theorem), then this expression can
be simplified to the form (see iandel, 1963, p. 194)
In Pandel's notation, (:t) and 2 ()correspond to the quantities
P(t) and R la 2 (T) used here. The amplitude cross-correlation
function is defined in an analogous fashion to the intensity
cross-correlation in equation (29) above. Next it is assumed \
that the amplitude cross-correlation function can be separated
into the product of a spatial correlation and a temporal
31
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correlation (Mandel, 1963, p.206),
(32)
Again, IMandel's-f() is represented as Ra(T) here, and his
Y~(o) is written (r) here, where r is the separation between
the points one and two on the photocathode.Y(r)is normalized
to be unity for zero separation. Y{ rcan be found by an
application of the Van Cittert-Zernike theorem of partial
coherence theory (Born and Wolf, 1959, p. 507). This states
that the amplitude correlation between two points PI and P2
in a plane illuminated by a quasi-monochromatic, incoherent-
source is proportional to the complex amplitude at P of the
diffraction pattern centered at P2 which would be produced
by replacing the source with an aperture of the same dimensions
illuminated with a spherical wave-front converging to P2 If
the source is uniform and circular of radius P which is small
compared with the distance R between source and receiving
aperture, then (Born and Wolf, 1959, P. 508),
where
(34) v =- P-
The quantity i,,in the notation of Born and Wolf corresponds
to Y'r) here. J: is the first order Bessel function of the firstI
kind.
The autocorrelation of the photocurrent can now be
written
A
Let us evalurte the photocurrent autocorrelation for
a circular cathode of radius ro, where ro is much larger than
PO to , which is effectively the lateral coherence distance
for the photosurface (as is ordinarily the case for most
experiments with incoherent light). Since (r) teadas rapidly
to zero for r larger than this coherence distance, then in any
incremental area , the integral over AXo may be replaced
by the integral
which can be -,ritten
Tv 0
Now according to Born and Wolf (1959, p. 397),
(36) - ..A F1
Thus
(37The p otocurrent autocorrelation now become
The photocurrent autocorrelation now become's
33
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(38) (Be\ + ( Rnw' N'P)]
whereJ12.is the solid angle subtended by the source at the
receiver.
The spectral density can now be found by taking the
Fourier transform of equation.(38) as indicated by equations
(5). We obtain
It is seen that the spectral density of the photocurrent
apart from a zero frequency impulse is given by the convolution
of the complex amplitude spectral density reduced by the factor&
z/nA-z . Since A//4 is the effective coherence area on the
cathode, this factor is the reciprocal of the number of areas
of coherence.
This is the spectral density that would apply if charge
were not quantized. But in fact the photocurrent is due to
the random emission of discrete charges so that a shot-noise
term must be added to equation (39). The shot-noise spectral
density for a mean current 1 produced by the random emission
of charges of unit e is given by Davenport and Root (1958, P.
123) to be el for the low frequency approximation we have
been considering. It is reasonable to suppose that the shot-
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noise spectral density is simply additive to the above spectral
density. This can be shown to be true (Freed and Haus, 1966).
The resulting spectral density is then
(40) SA(f) -= sis A
(40o} Where we have ksed, P = eV
In chapter 2, we computed S (f) for the atmospheric
experiment. (see equation 16). This may be substituted into
equation (40) to obtain the result
(41) Qt 7xi(V
Use has been made of the identity
(42) *0
Equation (41) implies that if the gaussian which a.pears in
the photocurrent spectrum is measured to have a full width
at half (1/2) maximum of , then the temperature of thp
scattering molecules is given by
Let us now turn to the question of the feasibility of
detection by interferometric or mixing techniques,
3.122 Signal-to-Noise Ratio for the Interferometric Technicue
For this casg spectral analysis is accomplished by the
interferometer before the light reaches the photomultiplier.
Let us assume that the device is arranged so that only light
in a certain spectral range, narrow compared with respect
to the range of the spectral density of the light, passes
through an aperture to the photomultiplier and is detected.
The device is then scanned, and the mean intensity is measured
to determine the line profile. From equation (40A) it follows
that the mean intensity can be found by measuring the mean
photocutrent, and this is the measurement we now consider.
The current output of the photomultiplier is a random
time function i(t). It follows from the theory of periodic
sampling (see Davenport and Root, 1958, p. 80 ff fr- this
and the equation to follow), that in the limit as the number
of samples in a fixed time interval T is increased without
limit, the sample mean becomes
T
(44) % -'i W a &
O
and the variance of the sample mean is
(45) T I _- a -jTl AT T
The sample mean is significant because the statistical average
of 17\ is just i, or the mean photocurrent.
Suppose that the mean light power reaching the photosurface
after various losses in the interferometer is Pi. The output
current of the photomultiplier has the following autocorrelation
(Fourier transform of equation (40)) and mean value
56
(46)
It will ordinarily be the case for incoherent light that
the shot-noise term is much larger than the optical fluctuation
term. We shall neglect the latter in computing the variance
both in this case and in computing the variance for the mixing
experiment in section 3.123. With this simplification, the
variance is easily found to be
(47) ,
T
If the signal is thought of as the mean intensity i, and the
noise is considered to be the standard deviation a tM)associated
with a measurement of T in the time T, then the signal-to-
noise ratio is given by
(48) .
Note that this quantity is the square root of the mean nuber
of photoelectrons emitted.
3.123 Signal-to-Noise Ratio for the Mixing Technique
In the case of detection by optical mixing, the optical
spectral density is obtained by measuring the photocurrent
3T V\A
spectral density. The spectral measurement can be carried out
by passing the photocurrent through a filter with bandwidth
Ai ,narrow compared to the range of the photocurrent spectral
density and which excludes the zero frequency impulse, and then
passing the current through a squore law device and averaging.
For if j(t) is the filtered photocurrent, then the Wiener-
Khintchine relations imply
-a 2
(49) iM \ 5.U)Ai (N)
.i.To.see,this-, the spectral density of i(t) is first
multiplied by the magnitude of a linear system function I(ZW-
having the non-realizable characteristics
(50)
The resulting spectral density, ( , is just 5U
(Davenport and Root, 1958, p. 183). Then by equations(5)
Og
(51) . gtt)
An examination of equation (40) for the spectral density Si(f )
reveals that the mean-squared filtered current is the sum of
two terms (remove the zero-frequency impulse)
(52) t)=jt + t)
where
_ _U~ __ _I
(53)
The maximum Value of jt} is of. interest for computing the
maximum signal-to-noise ratio. This occurs when the filter
bandwidth is set to include the entire non-zero portion
of the convolution integral in equation (40). In view of
equations (6), (40), and (53), (set fo =z), it is easy to show
that
(5 ' .4)-
The quantity of interest is s(t • A sampling procedure
is again applied to the measurement. We sample the quantity
where is given above. Again as the number of
samples in the interval T increases without limit, the sample
mean becomes
(55) " -- T
The statistical average of this quantity is RJ). The variance
is the quantity
T
(56) 0 1 -- 12"0
Let us find the variance for this case.
To find Rj(), the autocorrelation/of the output of the
/
'7 :
tf
square-law device, let us first compute R j() by finding the
Fourier transform of the spectral density S (f). For ease
in performing the calculation, let us assume that the center
frequency fo of the pass band is at , but that the zero
frequency impulse is not passed. As before, we assume that
the shot-noise term is much larger than the optical
fluctuation term so that the latter can be neglected. The
Wiener-Khintchine relation is then
(57) 5 z P P (110, it)
-ai
The shot-noise current can be represented as a gaussian
random process when the number of photoelectrons becomes large
(Davenport and Root, 1958, p. 127). By the fact that linear
combinations of gaussian processes are also gaussian (Davenport
and Root, 1958, p. 155) it follows that the output of the
filter j(t) will also be gaussian and have zero mean. The
output autocorrelation of a square-law device subjected to
such an input is given by the relation (Davennort and Root, 1958,
p. 255)
(5where ) variance of the filtered-current rndom
where j) is the variance of the filtered-c-rrent random
I _Y__~___II__^_III__1___l-L~~li^ -_Lill i
process. We can write
(59)
and thereby find that
(60)
Substituting into equation (56) and assuming that T I/i,
one finds that
(61) o() = (Ze____)T41
Again we define the signal to be , and the noise to be the
standard deviation in the determination of this quantity. The
signal-to-noise ratio becomes ( tin (S an (6\)
(62)
or said another way
(63) = T
where
(64) quantity is often called the deeneracy arameter of the
The quantity is often called the degeneracy parameter of the
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incident light. It represents the number of photoelectrons
arising from a coherence area in a coherence time. The
quantity 1'Sr represents the number of independent determi-
nations of the shot noise that can be made in a time T when
the spectral width of the process is At . Since the variance
of the sum of N independent random variables each having the
same variance a is easily shown to be equal to /N ,
equation (61) is a reasonable result.
3.124 Comparison of the Signal-to-Noise Ratios
j(
Let us form the ratio between equation (62) and equation
(48). We obtain
(65)
where
(66) - P
The factor k, represents the fraction of the incident light
which is passed by the interferometer. This equation is useful
in determining which of the two detection methods is better
suited for measurements of the line profiles with widths large
enough to be resolved by the interferometer, yet small enough
to be within the spectral response/of the photodevice. It
is seen that the mixing technique'will fare better when the
coherence area V is large and when A is timall. Af represents
42
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the bandwidth of the light in view of the. derivation of
equation (54).
Now let us find the value of the ratio given in equation
(65) for an atmospheric temperature sensing radar. Assume
that P = 1.01x10 1 - 1, which corresponds to a quantum efficiency
of 3 x 10- 2 at A = 7000 R; P = 1.36 x 10-14 which is the
backscatter from a one kilometer long pulse volume at 10 km
altitude for a transmitted power of 1 watt into a receiving
area A of 7.85 x 10- 3 m2 (10 cm diameter); kr = 10-1;AJ=
.1.4x109 corresponding to a temperature of about 300 OK; and
-8
S11 = 3.14 x 10 , which is about the smallest beam width
one can hope to achieve (10- 4 radian) with present sources.
The ratio, equetion (65) is
(67) 3.\7 10 -.
Thus it would seem as if the light backscattered from
air molecules is too incoherent, spectrally to broad, and
too weak to be advantageously detected using an optical
mixing technique. It remains to be seen whether or not the
signal-to-noise ratio obtainable with the interferometer for
this case is sufficient to make the measurement practical.
This calculation will be presented in section 3.2 below.
3.2 Interferometric Technique as Applied to the Atmospheric
Experiment
Jacquinet (1960) has shown-that of all the various spectro-
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meters aveilable to the experimentalist, the Fabry-Perot
device gives by far the most intense spectral image for a
given incident intensity. This together with its high
resolution capability make it the first choice for the
spectral measurement we are considering. In this.section
we shall compute the signal-to-noise ratio using the data
of section 2.2 and the result of section 3.122.
For an introduction to the characteristics of the
Fabry-Perot device, the reader is referred to the excellent
discussion in Born and Wolf (1959).
Most photoelectric Fabry-Perot instruments use an aperture
placed in the focal plane through .which a portion of the
spectrum passes to be detected by a phototube. Since the
fringes in the focal plane are concentric circles, the
aperture usually takes the form of an ennulus of narrow
width compared with the width of the fringes bein;r measured.
The simplest aperture to make and use is just a hole at the
centcr. The interferometer is then scanned by varying
plate separation or by changing air pressure (hence, the
optical path length) in the region between the etalon plates.
Assume then that a transmitted power of one watt is avail-
able and that the transfer function is an in section 2.2; that
is, the scattering is observed over a one kilometer volume
and the receiving aperture is ten centimeters in diameter.
Assume that the optical transmission efficiency of the
interferometer is kr= 0.1. Also, P = 1.01 x 1017 j-; and
for an integration time, select T = 103 s (16 m, 40 s).
The result is plotted in figure 5.
It should be remembered that the "noise" represented
here is really the standard deviation associated with sampling
a random time function. Thus at 10 _llometers, for example,
the measurement of the mean intensity has a standard deviation
of 0.26 %, while at 50 kilometers, the standard deviation is
26.6 .%
It is difficult to translate this into the relative i
accuracy of determining the temperature without having more
details of the procedure in mind. To make optimum use of the
light, one should assume a gaussian shape for the spectrum
and then use several photomultipliers simultaneously-.to
determine the width. Errors will compound to some extent;
it should be recalled that the temperature T (equation 43)
is quadratic in the spectral width 41 . It is likely that
the relative accuracy of a temperature measurement should be
no worse than one tenth of the relative accuracy of the measure-
ment of the mean intensity. This would imply temperature
determination at a ten kilometer altitude with a relative
accuracy of 2.6 %.
This is already a useful level of accuracy, and the
probability of improvements in laser sources makes it seem
worthwhile to pursue this method of measurement. Let us
45
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summarize the conclusions then in the next chapter.
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Chapter 4
CONCLUSIONS
The foregoing calculations have been undertaken in
order to clarify the principles underlying a new proposed
method of measuring gas temperatures at a distance. The
results have been given in general terms where possible so
that they will apply to a number of different experimental
conditions.
Let us summarize the principal results. First, it has
been observed that a measurement of the power spectral density
of the scattered light field amplitude allows one to determine
the velo6ity distribution and hence the temperature of the
it
scattering particles. If/is assumed that the velocity
distribution is Maxwellian, then the temperature can be
obtained by measuring the width of the spectral density.
An expression for the power transfer ratio for Rayleigh
scattering from a clear atmosphere has been derived and the
ratio plotted as a function of altitude (figure 2). The
spectral density of the photocurrent from a photodevice
illumined by light of time varying intensity from an incoherent
source has been derived (neglecting certain sources of noise
such as dark current). This expression has then been used
to arrive at fundamental shot-noise limited signal-to-noise
ratios for interferometric anoptical mixing detection schemes.
A comparison of these two signal-to-noise ratios for parameters
48
typical of an atmospheric scrttering experiment shows that
an interferometric detection scheme should have a much better
signal-to-noise ratio. Finally, the signal-to-noise ratio
for the interferometric detection scheme has been evaluated
and plotted as a function of altitude (figure 5). It appears
that useful temperature measurements should be possible to
altitudes in the troposphere and the lower stratosphere
with a one watt transmission.
The next step in the development of a Doppler optical
radar should be the construction of a suitable laser source
and a suitable detection scheme. A multimode laser could
be used to calibrate the interferometer output since the
separation of the axial modes may be measured rather accurately.
It is suggested that a laboratory study of certain aspects of
Doppler broadening, or the question of collisional effects
might be undertaken as a test of the detection system. This
would certainly aid in the evaluation of the data obtained
from atmospheric scattering,.
49
BIBLIOGRAPHY
Alkemade, C.Th.J., On the excess photon noise in single-beam
measurements with photo-emissive and photo-conductive cells,
Physical 25: 1145-58, (1959).
Armstrong, E.B., The temperature in the atmospheric region emitting
the nightglow OI 5577 line and in regions above faint auroral
arcs, J. Atmos. Terr. Phys., 13: 205-16, (1959).
Atlas, David, Advances in radar meteorology, in I1.E. Landsberg and
J. van Mieghem, eds., Advances in Geophys., vol. 10, Academic Press:
New York, 1964.
Bbhn, Karl-Heinz, Basic theory of line formation, in J.L. Greenstein,
ed., Stellar Atmospheres, University of Chicago Press:Chicago, 1960.
Born, M. and E. Wolf, Principles of Optics, Pergamon Press: New York,
1959.
Davenport, W.B., Jri, and W.L. Root, An Introduction to the Theory of
Random Signals and Noise, McGraw-Hill Book Co., Inc.; New York,1953.
Fiocco, G., and L.D. Smullin Detection of scattering layers in the upper
atmosphere (60-140 kn) by optical radar, Nature, 199: 1275-6, (1963).
Fleisher, A., The Information Contained in Weather Noise, Report no. 22A,
M.I.T. Weather Radar Project, Contract no. DA-36-039-SC-124, 28pp.,
(1953).
Foreman, J.W., Jr;, EW, George, and R,D, Lewis, Measurement of localized
flow velocities in gases with a laser Doppler flowmeter, Appl. Phys.
Lett., 7: 77-8, (1965).
Forrester, A.T., Photoelectric mixing as a spectroscopic tool, J.-Opt. Soc.
Amer., 51: 253-9, (1961).
Freed, Charles, and Hermann A. Hlaus, Photocurrent spectrum and photo-
electron counts produced by a gaseous laser, Phys. Rev.. 141: 287-98,
(1966).
Hercher, M., Single mode operation of a Q-switched ruby laser, Appl. Phys.
Lett., 7: 39-41, (1965).
Jacobs, S.F., and P.J. Rabinowitz, Optical heterodyning with a cw gaseous
laser, in P. Grivet and N. Bloembergen, eds., Quantum Electronics,
Proc. 3rd International Congress, Paris, Coltmbia University Press:
New York, 1964.
50
,i t
Jacquinot, P. New developments in interference spectroscopy, Rep. Progr.
Phys., 23: 267-312, (1960).
Lawson, J.L., and G.E. Uhlenbeck, Threshold Signals, Dover Publications:
New York, 1950.
Mandel, L., Fluctuations of light beams, in E. Wolf, ed., Progress in
Optics, vol. 2, Interscience: New York, (1963).
May, A.D., E.G. Rawson, and H.L. Welsh, Rayleigh scattering from low-
density gases, in P.L. Kelley, B. Lax, and P.E. Tannenwald, eds.,
Pjysics of Quantum Electronics, Conf, Proc., McGraw-Hill: New York,
1966.
Penndorf, R. Tables of the refractive index for standard air and
the Rayleigh scattering coefficient for the spectral region between
0.2 and 20.01 and their application to atmospheric optics, J. Opt.SSoc.
Amer., 47: 1Z6-82, (1957).
Rogers, R.R., Radar measurement of velocities of meterological scatterers,
J. Atmos. Sci., 20: 170-4, (1963).
Siitii, N.W.W., The Detection of modulated optical signals by photoelectric
emission, J. Elect. Cont., 16: 687-720, (1964).
Smith, P.W., On the optimum geometry of a 6328 R laser oscillator, I.E.E.E.,
QE-2: 77-79, (1966).
Smith, A.W., and G.W. Williams, On the detection of maser signals by
photoelectric mixing, J. Opt. Soc. Amer., 52: 337-8, (1962).
U.S. Standard Atmosphere , Prepared under sponsorship of NASA, USAF,
and USWB, 1962.
Yeh, Y. and H.Z. Cummins, Localized fluid flow measurements with an He-Ne
laser spectrometer, Apl P_hs. Letters, 4: 78, (1964).
Zanstra, l.,:Onithle weakening-of the polarization effect by collision
damping, M.N. Roy. Astron. Soc., 101:273-280, (1941).
